Introduction
q-Painlevé equations and their solutions have been studied from various viewpoints. Especially, Sakai gave a natural classification of discrete Painlevé equations by means of the geometry of rational surfaces [14] . In this classification, discrete Painlevé equations are classified by means of affine Weyl groups.
For the solutions of q-Painlevé equations, seed solutions of hypergeometric type were obtained (see for instance [6] ). More general solutions obtained by applying the Bäcklund transformations have been given in [1] [2] [4] [5] [7] [8] [9] [13] . These results are based on the bilinear relations for the τ -functions.
q-Painlevé equation of type E
6 , a main subject in this paper is first proposed in [11] . We study the equation in the form appeared in [12] i.e. the equations (84) and (85) where f 1 and g 1 are variables and b 1 , · · · , b 8 are parameters. And in [6] , a hypergeometric solution to the q-Painlevé equations is expressed in terms of the q-hypergeometric series (46). Though the seed solution (46) for the q-Painlevé equation is already known, any results have not been obtained for its Bäcklund transformed solutions so far.
In this paper, we will construct the hypergeometric solutions to the q-Painlevé equation of type E (1) 6 in a determinant formula by using Padé method [15] [16] , which is one method to derive Lax equations to the Painlevé equation. Applying this method to q-Painlevé equations were not accomplished for E (1) 6 case before. This paper is organized as follows. In section 2, we will get q-Painlevé VI equation [3] by Padé method (Theorem2.2) as warming up example. Using this method, we will obtain q-Painlevé equation of type E (1) 6 (Theorem3.2) and its explicit solutions in determinant formula (Theorem 3.6) in section 3. In appendix A, we will discuss the relation between QRT system [10] and q-Painlevé equations. Finally in appendix B, we will study a relation between the Padé method and the Bäcklund transformation.
2 The case of D (1) 5 (q-PainlevéVI)
In this section, we will derive the Lax pair for D (1) 5 q-Painlevé equation (Theorem 2.1) and the q-Painlevé VI equation (Theorem 2.2) by using the Padé method.
Construction of the difference equation
Let a 1 , a 2 , a 3 , a 4 ∈ C\{0} be complex parameters. Define a function Y (x) as
where the symbol ( ) i is defined as
Let m, n ∈ Z ≥0 and put N = m + n. We consider the approximation of Y (x) by rational function
where P m (x) and Q n (x) are polynomials of order m and n respectively and the constant term of Q n (x) is 1. We will construct two difference equations whose solutions are P m (x) and Y (x)Q n (x). We define a transformation T as
and we denote as T (y) = y and T −1 (y) = y. Here and in the following, we will write only non-trivial actions. Using this transformation T , we will construct following difference equations
Theorem 2.1 The explicit form of the equations L 2 and L 3 are obtained as
where f , g, c 1 and c 2 are constant with respect to x and f = T (f ).
Proof
First, we will consider the equation L 2 . By definition of Y (x), we have
Then the coefficient of y(x) in L 2 is computed as follows,
The part in { } of the last expression is a polynomial in x of order N + 2. By definition for Padé approximation, this polynomial has zero at x = 0 of order N + 1. So, the coefficient of y(x) is given by
where c 0 and f are some constant. Similarly, the coefficients of y(qx) and y(x) are given by
where c, c ′ are some constant. By putting g = c ′ /c, c 1 = c 0 /c, we obtain L 2 in the equation (5) .
Next, we will consider the equation L 3 . By definition.
So, we get L 3 when we simplify coefficients where c 2 = c 0 /c.
Compatibility condition
We will consider the compatibility condition of the equations (5) and (6).
Theorem 2.2
The compatibility condition of the equations (5) and (6) is given by
This is a q-PainlevéVI equation [3] .
Proof
First, we will prove the equation (10) . Translate L 2 by T , we have
We put x = 1/f in this equation, then we have
On the other hand, putting x = q/f in L 3 , we have
Hence,
Then, we will prove the equation (11) . P m (x) is a solution of L 2 and L 3 , so we substitute for P (x) = k 0 + · · · + kx m in the L 2 and L 3 and check the highest order
By checking the lowest order similarly, we have
From (15) and (16), we get
3 The case of E
In this section, we will derive the Lax pair for E
6 q-Painlevé equation (Theorem 3.1), the qPainlevé equation (Theorem 3.2) and its special solutions in a determinant formula (Theorem 3.6).
Construction of the difference equation
Let a 1 , · · · , a 4 ∈ C\{0} be complex parameters. Define a function Y (x) as
When
we get
Interpolate Y (x) by rational function
where P m (x) and Q n (x) are the same form in section 2. We define the transformation T as
We will consider the equations L 2 , L 3 in the equations (3) and (4). 
The coefficient of y(x) is same form in D
5 . So,
where K(x) is a polynomial of x of order N + 2. By definition for Padé interpolation, The polynomial K(x) have simple zeroes at x = 0 and x = q
where c 0 and f are some constants. Similarly, the coefficients of y(qx) and y(x) are given by
where c, c ′ and g are some constants. So, we get
We substitute x = 0. Then we get c ′ = c. Finally, by putting c 1 = c 0 /c, we obtain L 2 .
Next, we will consider the equation L 3 . Similarly in D
5 , the coefficients of y(x), y(x) and y(x/q) are given by −A ′ (x/q), C ′ (x/q) and B ′ (x) respectively. So, we obtain L 3 .
Compatibility condition
We will consider the compatibility condition of the equations (23) and (24).
Theorem 3.2 The compatibility condition of the equations (23) and (24) is given by
This is a q-Painlevé equation type E
6 . Proof First, we will prove the equation (28). We put
On the other hand, Translate L 3 by T −1 , we have
Then, we prove the equation (29). We put x = g in L 2 , we have
On the other hand, putting x = qg in L 3 , we have
We substitute for P (x) = · · · + kx m in the L 2 and L 3 and check the highest order.
Then, we have
From (33) and (36), we get
3.3 Explicit form for f and g
We will derive the concrete form of P m and Q n (Lemma 3.4). Then, by using these formulas, we will derive the explicit form of f and g (Theorem 3.6). First, we consider the Padé problem (21) for general {x i } and {y i }. We will prove following theorem.
Theorem 3.3 The polynomials P m (x) and Q n (x) are given as
where
Proof
In this proof, we use the notation
The determinant in the equation (38) is evaluated as
Similarly,
and we will prove
We substitute
Hence, (40) is proved.
Lemma 3.4 By specializing x i and y i as the equations (19) and (20) respectively, we have
Proof First, we calculate F ′ (x s ).
Here,
So,
By using this relation (44), F ′ (x) is given by
By using the equation (45), the equation (41) is evaluated as
. Q n (x) is similar. By using the Lemma 3.4, we get the following lemma.
Lemma 3.5 The values of polynomials P m (x) and Q n (x) at special points are given as follows.
3 ϕ 2 is a q-hypergeometric series.
We prove P m (1/a 1 ). Using the equation (41),
.
Others are similar. By using the above Lemma 3.5, we will get the following theorem.
Theorem 3.6 The explicit form of f and g are
Proof First, we prove the equation (47). We substitute x = 1/a 1 , 1/a 2 for the equation (25), we have
respectively. Taking a ratio of these two equations, we have
Then, by using the Lemma 3.5, we obtain the equation (47). The proof of the equation (48) is similar, where we substitute x = 1/a 3 , 1/a 4 for the equation (26).
A Relation to the QRT system
Painlevé equation is a non-autonomaization of the QRT system [11] . In this appendix, Using a pencil (i.e. a 1-parameter family ) on P 1 × P 1 of order (2, 2), we will derive the autonomaization of the equations (10), (11) 
A.1 The case of q-PainlevéVI equation
We consider a polynomial of order (2, 2) passing the eight points at
( Figure 1) . Then, the following lemma is obtained. 
the polynomial of order (2, 2) passing the eight points (49) forms a 1-parameter family.
Proof Let P (x) be a polynomial of order (2, 2) passing through the eight points (49). First, we consider the conditions that P (x) passes the points at (a 1 , 0), (a 2 , 0), (0, a 3 ), (0, a 4 ), (a 5 , ∞), (a 6 , ∞). Then, P (x) is determined as
up to over all constant, where a and λ are parameters. We substitute x = 1/u for the equation (51) and put u = 0. Then,
By definition of the polynomial P (x), the solutions of the equation (52) (y − a 7 )(y − a 8 ).
By comparing coefficients of the equation above, we get the condition (50) and the relation
As a result, P (x) is given by λxy + F (x, y) = 0 (55)
where F (x, y) is a polynomial of order (2, 2) and λ is a parameter. We consider the case where the condition (50) is satisfied. When we give a generic initial point (x 0 , y 0 ), then the curve C 0 passing through it is determined uniquely. Then we get the following theorem. Theorem A.2 Consider the intersection of the curve C 0 and {x = x 0 }, and let (x 0 , y 0 ) and (x 0 , y 1 ) be the intersection points. Then, we get
Similarly, Consider the intersection of C 0 and {y = y 0 }, and let (x 0 , y 0 ) and (x 1 , y 0 ) be the intersection points. Then,
Proof
We prove the equation (56). First, the curve C 0 is given by the equation (55) where
where A(x), B(x) and C(x) are second degree polynomials with respect to x. And we put x = x 0 in the curve C 0 . Then we get a following equation
The solutions of the equation (58) are y 0 and y 1 . So, by the relation of roots and coefficients, we get
Then, by the definition for the polynomial F (x, y), it follows that
And the solutions of the equation F (0, y) = 0 are a 3 , a 4 . So, by the relation of roots and coefficients, y 0 y 1 = a 3 a 4 when x 0 = 0. By the results of above and the condition (50), we get the equation (56). The equation (57) is similar.
The equations (56) and (57) are the same form for the q-Painlevé VI equation (10) and (11).
A.2 The case of E (1) 6
Similarly in appendix A.1, we consider the polynomial of order (2, 2) and eight points at
( Figure 2) . Then, the following lemma is obtained.
Lemma A.3 When the eight parameters a 1 , a 2 , · · · , a 8 satisfy the condition
the polynomial of order (2, 2) passing the eight points (60) forms a 1-parameter family.
Proof
Let P (x) be a polynomial of order (2, 2) passing through the eight points (49). First, we consider the conditions that P (x) passes the points at (a 1 , 0), (a 2 , 0), (0, a 3 ), (0, a 4 ). Then, P (x) is determined as
up to over all constant, where a, b, c and λ are parameters. We substitute x = u and y = 1/u. Then,
By definition of the polynomial P (x), the solutions of the equation (63) are a 5 , a 6 , a 7 and a 8 . So,
By comparing coefficients of the equation above, we get the condition (61) and the following relations a = −λ − a 1 a 2 + a 5 a 6 + a 5 a 7 + a 5 a 8 + a 6 a 7 + a 6 a 8 + a 7 a 8 ,
(a 3 + a 4 ) − (a 5 a 6 a 7 + a 5 a 6 a 8 + a 5 a 7 a 8 + a 6 a 7 a 8 ).
As a result, P (x) is given by
where F (x, y) is a polynomial of order (2, 2) and λ is a parameter. We consider the case where the condition (61) is satisfied. We give a generic initial point (x 0 , y 0 ), then the curve C 0 passing through it is determined uniquely. Then we get the following theorem.
Theorem A.4 Consider the intersection of the curve C 0 and {x = x 0 }, and let (x 0 , y 0 ) and (x 0 , y 1 ) be intersection points. Then, we get
Similarly, Consider the intersection of the curve C 0 and {y = y 0 }, and let (x 0 , y 0 ) and (x 1 , y 0 ) be intersection points. Then,
We prove the equation (66). First, the curve C 0 is given by the equation (65) where
where A(x), B(x) and C(x) are second degree polynomials with respect to x. And we put x = x 0 in the curve C 0 . Then, we get the following equation
The solutions of the equation (68) are y 0 and y 1 . So, by the relation of roots and coefficient, we get
Namely,
We substitute the equation (70) for (x 0 y 1 − 1)/y 1 . Then, we get the following equation
The order of the numerator and the denominator of the r.h.s. of the equation (71) (28) and (29).
B Padé Method and Bäcklund transformations
In the main text, we constructed the q-Painlevé equation of type E (1) 6 with respect to the direction (22). But, we can construct q-Painlevé equation by using other directions.
In this appendix, we will discuss the relation between these q-Painlevé equations along the various direction and Bäcklund transformations. First, we will summarize about Bäcklund transformations. Then, we will discuss the relation between the q-Painlevé equations for various directions and Bäcklund transformations.
B.1 Bäcklund transformations
We formulate the Bäcklund transformations of the affine Weyl group of type E 
We define the transformations s i (i = 0, 1, 2, 3, 4, 5, 6) and π j (j = 1, 2) on the parameters b k (k = 1, 2, 3, 4, 5, 6, 7, 8) and variables f and g as follows.
The actions s 0 , · · · , s 6 , π 1 , and π 2 are invariant under the following transformation of
where λ is any parameter.
Then, we have the following lemma. 
Proof
Direct computation by using
Then, we obtain the equation (76). The equation (77) 
B.2 Painlevé equations along the various directions and Bäcklund transformations
By the Padé method, we can construct q-Painlevé equations along the various direction T i of deformations. These equations are equivalent through some Bäcklund transformations of variables (f, g) → (f i , g i ) where f and g are variables in section 3. The variable f is defined by the equation (25) which does not depend on the direction. So, the variable f does not depend on the direction. On the other hand, the variable g is defined by the equation (26) which depends on the direction. So, the variable g depends on the direction in general.
In this appendix, we will present the correspondence of variables g i by using Bäcklund transformations.
For example, we take the following transformation T 1 in the Padé method In the followings, we always identify the parameters m, n, a 1 , · · · , a 4 with b 1 , · · · , b 8 . by this rule. In particular the direction T 1 above is T in the equation (73). By using this correspondence, T 1 is rewritten as
